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Abstract. p-Mechanics is a consistent physical theory which describes both 
quantum and classical mechanics simultaneously 1111 1121 . We continue the 
development of p-mechanics by introducing the concept of states. The set of 
coherent states we introduce allow us to evaluate classical observables at any 
point of phase space simultaneously to evaluating quantum probability ampli- 
tudes. The example of the forced harmonic oscilator is used to demonstrate 
these concepts. 
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1. Introduction 

In this paper we continue the development of p-mechanics |12| .[llj. p-mechanics 
is a consistent physical theory which simultaneously describes both quantum and 
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classical mechanics. It uses the representation theory of the Heisenberg group to 
show that both quantum and classical mechanics are derived from the same source. 

In this paper we introduce the concept of states to p-mechanics. These are de- 
fined in subsection 13. II as functionals on the C*-algebra of observables which come 
in two equivalent forms: as elements of a Hilbert Space and as kernels on the Heisen- 
berg group. Their time evolution is defined in subsection 13 . 21 and it is shown that 
the Schrodinger and Heisenberg pictures are equivalent in p-mechanics. In subsec- 
tion 13.41 we introduce an overcomplete system of coherent states for p-mechanics 
whose classical limit corresponds to the classical pure states. We introduce two 
forms of functional since both have their own advantages. The Hilbert space func- 
tionals are useful for deriving quantum properties of a system, while the kernels 
have a clearer time evolution and classical limit. 

Finally in section 01 we apply this theory to the example of the forced oscillator. 
It is shown that both the quantum and classical pictures are derived from the same 
source. The important features of the classical case are proved using p-mechanics 
in subsections 14.21 and 14 . 31 Some of the features of the quantum case are proved in 
subsection 14.51 

2. Notation and Preliminaries 

2.1. Notation. / is the identity n by n matrix. 

/ is the Fourier Transform of a function / (e.g. f{x) — /(g)e~^'^**'^dg ). We 
also use J- to denote the Fourier Transform when this form is more convenient (e.g. 
:F(.,y){f{q,p)) = /k. f{q,p)e-^^'('i--+P y^dqdp) . 

2.2. Preliminaries. In this section we give a very brief overview of ^Tj, which pro- 
vides an introduction to p-mechanics. At the heart of this paper is the Heisenberg 

group (0, irzi). 

Definition 2.1. The Heisenberg Group (denoted W^) is the set of all triples in 
M X M" X M" under the law of multiplication 

{s,x,y)*{s',x',y') = {s + s' + ^{x ■ y' ~ x' ■ y),x + x' ,y + y'). (2.1) 

The non-commutative convolution of two functions Bi , B2 defined on H" is 

(Si*B2)(.9)- / B,{h)B2{h-^g)dh^ f B,{gh-^)B2{h)dh, 

where dh is Harr Measure on H" which is just the Lebesgue measure ds dx dy. This 
can be extended to distributions in a natural way 10 . The Lie Algebra f)„ can be 
realised by the left invariant vector fields 

q — d_ Y — Jl UJ-A. V — -9_ I £l A 

ds ' ^3 ^ dxj 2 Os ' ^3 ^ dy, 2 ds' 

with the Heisenberg commutator relations 

The dual space to the Lie Algebra ()* is spanned by the left invariant first order 
differential forms. One of the principal ways of transfering between i^(H") and 
L^(f)* ) is by the Fourier transform on H" ^ 

4>{F)= f 0(expX)e-2'^*<-^'^>dX (2.2) 
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For the Heisenberg group this has the simple form 

^ih,q,p)= [ (t>{s,x,y)e-^''''''"'+''-''+P-y^dsdxdy 



^+1 

which is just the usual Fourier transform on M^"+^. Kirillov's Method of Orbits 
is of great importance in the p-mechanical construction. For a discussion of the 
Method of Orbits, see [HI or |H1 Chap 15]; its relation to p- mechanics is described 
in The Method of Orbits uses the representaion Ad* of H" on f)* , known as 
the coadjoint representation. The exact form of this representation for H" is 

Ad*{s,x,y) : {h,q,p) ^ {h, q + hy,p - hx). 

Note here that (s, x, y) G H" and {h, q,p) £ t)* — this choice of letters will be used 
throughout this paper. The orbits of Ad* come in two forms, Euclidean spaces M^" 
and singleton points 

Oh = {{h,q,p): fixed /i ^ 0, and any g,p e M"}; 

Ofep) = {(0,g,p): anyg,peM"}. 

We now introduce F'^{Oh) which is a subspace of L^{Oh), we use this space because 
it is irreducible under the representation Ad* 

F\Oh) = {fhiq.p) e L'iOh) : D^fh = 0, for 1 < j < n}, 

where the operator Dj^ on L^{Oh) is defined as | + Cii-£j-^ + 2'K{ciPj + iqj). 
The inner product on F'^{Oh) is given by 

{vi,V2) F-^iOh) ^ J^^ vi{q,p)v2{q,p)dqdp (2.3) 

The representation ph of H" on F'^{Oh) is provided by 

Ph{s,x,y) : fh{q,p) ^ _ ^x), (2.4) 

which is unitary with respect to the inner product defined in (|2.3() The crucial 
theorem which motivates the whole of p-mechanics is 

Theorem 2.1. (The Stone-von Neumann Theorem) All unitary irreducible repre- 
sentations of the Heisenberg group, H", up to unitary equivalence, are either: 

(i) of the form ph on F'^{Oh) from equation \2.4\) , or 

(ii) for {q,p) G M^" the commutative one- dimensional representations on C = 

p^,^p){s,x,y)u = e-'^^^^-^+P-y^u. (2.4) 
Proof. For a proof see either P] or J7j. □ 
We can extend this to the representation of a function, B, on H" by 

p{B) = / B{g)p{g)dg. 

The representation of distributions is done in the natural way [171 Chap 0, Eq 
3.4]. The basic idea of p-mechanics is to choose particular functions or distribu- 
tions on H" which under the infinite dimensional representation will give quantum 
mechanical observables while under the one dimensional representation will give 
classical mechanical observables. The observables are in fact operators on i^(]HI") 
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generated by convolutions of the chosen functions or distributions (more general 
operators on L^(IHI") are in use for string- like versions of p- mechanics but nothing 
has been published on this yet). Since L^(H") is a Hilbert space we have that the 
set of observables is a C*-algebra UlS- In doing this it is shown that both mechan- 
ics are derived from the same source. The dynamics of a physical system evolves 
in the p- mechanical picture using the universal brackets jl2) : these are defined on 
two observables Bi , B2 by 

{[Bi, B2]} = A{Bi *B2-B2*Bi), 

where the operator A is defined on exponents as (recall that S — 

( 2^ths if ^ ^ 

SA = 4n^I, where Ae^""''" = ^ ih ' ^ ' (2.5) 

and can be extended by linearity to the whole of L^(H"). A is the antiderivative 
operator since it is the right inverse to It is proved in 12 that the universal 
brackets satisfy both the Liebniz and Jacobi identities along with being anticom- 
mutative. For a p-mechanical system with energy B^^ these brackets give us a 
p-dynamic equation for an observable B: 

^ = {[B,Bh]]. (2.6) 

Finally we state an equation from 11 which will be of use throughout the paper. 
If we define the operator A/ (5) for each g G H" on L^(EI") as 

H9)--f{h)^f{9-'h) (2.7) 

(i.e. the left regular representation) then we have the following relation 

Xi{g)T = Tph{9). (2.8) 

We can alternatively write the convolution of two functions on the Heisenberg group 
as 

Bi*B2{g)^ [ Bi{h)Xi{h)dhB2ig). (2.9) 



3. States and the Pictures of p-Mechanics 

3.1. States. In this section we introduce states to p-mechanics — these are positive 
linear functionals on the C*-algebra E] of p-mechanical observables. For each 
h ^ (the quantum case) we give two equivalent forms of states: the first form we 
give is as elements of a Hilbert space, the second is as integration with an apropriate 
kernel. For h = (the classical case) we have only one form of states, that is as 
integration with an apropriate kernel. 

Definition 3.1. The Hilbert space TLu, G M \ {0}, is the subset 0} functions on 
M" defined by 

Uh = {e'"^''V(:E, y):Elf = I < j < n} (3.1) 
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where the operator Ej^ ~ ^{yj + ic-iXj)! + 27r(ci^- + ig§-) (this is the Fourier 
transform of Df^). The inner product on Hh is defined as 

{vi,V2)hh = (j^ j ^ vi{s,x,y)v2{s,x,y)dxdy. (3.2) 

Note in equation H3.2|l there is no integration over the s variable since for any 
two functions vi ~ e^'^^^'' fi{x,y) and V2 — e^'"^^^ f2{x,y) in Tih 

{vi,V2)^ I e^^"''e-^^''''fi{x,y)f2{x,y)dxdy^ [ fi{x,y)f2{x,y)dxdy 

and hence there is no s-dependence. It is important to note that each Tih is invariant 
under convolutions. Since the Fourier transform intertwines multiplication and 
differentiation we have 

Hh = {e2"''^^(.,,)(/(g,p)) : / G F^On)} . (3.3) 

Tih is mapped into another Hilbert Space X/j by the Fourier transform. This Hilbert 
Space Xfi is 

= {3{h',q,p) = S{h' - h)f{q,p) : / S F\Oh)) , 

where 5 is the Dirac delta distribution. The inner product for ii{h' , q,p) = S{h' — 
h)fi{q,p) and j2(h\q,p) = S{h' - h)f2{q,p) in Ih is 

{jl,j2)x^ ^ [j;] I ji{h' ,q,p)i2{h',q,p)dh' dqdp^ {fij2)F'^{Oh)- 

We define a set of states for each h using Tih (later in this section we will define 
a set of states for h ^ Q which are defined using a kernel and a set of states for 
/i = by a kernel). 

Definition 3.2. If B is a p-mechanical observable and v e Tih the p-mechanical 
state corresponding to v is 

{B*v,v)nH- 

In it is stated that if A is a quantum mechanical observable (that is an 
operator on F'^{Oh)) the state corresponding to / e F'^{Oh) is 

{Af. f)FHo^)- 

We now introduce a map Sh which maps vectors in F'^{Oh) to vectors in Tih 

Sh{f{q.p))^e^-^^^f{x,y). (3.4) 

The following Theorem proves that the states corresponding to vectors / and Shf 
give the same expectation values for observables B and Ph(,B) respectively. Before 
proving this we state a short Lemma which is needed to prove this Theorem. 

Lemma 3.1. The map Sh '■ Ti-h Th is an isometry. 

Proof. Let wi , W2 £ Ti-h be of the form 

v^{s,x,y) = Snfi^e''^'^'h{x,y) (3.5) 

V2{s,x,y) - 5,j2-e2"''V2(x,y) 

where /i and /2 are in F'^{Oh)- Showing that Sh is an isometry is equivalent to 
proving the relation 

{vi,v2)n,,^ {vi,V2)i^ (3.6) 
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where " signifies the Fourier transform on the Heisenberg group defined in equation 
(|2.2(l . By an elementary calculation 

nih',q,p) = 5{h' -h)h{q,p) (3.7) 

V2{h\q,p) = 5{h' -h)h{q,p). 

From the Plancheral formula on R^" and the polarization identity [H] we have 

(/l, /2}l2(R2") = (/l, /2)l2(r2„-). 

Using this result we get 



{vi,V2)Hh = / fi{x,y)f2ix,y)dxdy 



fi{q,p)f2iq,p) dqdp 



5{h' - h)fi{q,p)S{h' - h)j2{q,p) dh' dqdp. 
Then by (|3.7I) this gives us 

{vi,V2)Hh = {vi,V2)'Iu- 

□ 

Theorem 3.1. For any observable B and any Vi,V2 G "Hh, ft- G M \ {0}, of the 
form given in ^S. 5\) we have the relationship 

{B*vi,v2)hu ^ {Ph{B)fi,f2)F^(OH)- (3-8) 
Proof. From equation H3.6|l we have 

{B *vi,v2)nh = {B *vi,v2)i,^ (3.9) 

where again " is the Fourier transform on the Heisenberg group as described in 
equation H2.2|l . Using H2.9|l equation (|3.9|) can be written as 



{B*vuV2)n,^{j B{g)Xi{g)dgvi,V2)x,. (3.10) 
Using H2.8|l equation (|3.10|) becomes 



(B'\fVi,V2) = {J B{g)ph{g)dgvi,V2) 



Ph{B)5{h' - h)fi{q,p)S{h' ~ h)f2{q,p) dqdpdh' 

Ph{B)fi{q,p)f2{q,p)dqdp. 
Hence the result has been proved. □ 

Taking vi = V2 in H3.8|l shows that the states corresponding to / and Shf will 
give the same expectation values for Ph{B) and B respectively. If we take B to 
be a time development operator we can get probability amplitudes between states 

Vl ^ V2. 

We now show that each of these states can also be realised by an appropriate 
kernel. 
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Theorem 3.2. If l(s,x,y) is defined to be the kernel 

Ks,x,y)^(^^ j ^ v{{s,x,y)~^{s' ,x' ,y'))v{{s' ,x' ,y'))dx' dy' 

then 

{B*v,v)n,,^ / B{s,x,y)l{s,x,y)dsdxdy 

Proof. It is easily seen that 

{B * V, v) 

'4\" f f 

B{{s,x,y))v{{s,x,y) ^{s\x',y')) 



(3.11) 



xv{{s' ,x' , y')) ds dx dydx' dy' 
B{{s,x,y)) (3.12) 



w((s, X, y) (s', x', y'))v{{s', x', y')) dx' dy' ds dx dy 



Note that there is no integration over s' by the definition of the Tih inner product. 

□ 

Definition 3.3. We denote the set of kernels corresponding to the elements in Tih 
as Ch- 

Now we introduce p- mechanical {q,p) states which correspond to classical states, 
they are again functionals on the C*-algebra of p-mechanical observables. Pure 
states in classical mechanics evaluate observables at particular points of phase space, 
they can be realised as kernels 5{q — a,p — b) for fixed a, b in phase space, that is 



F{q,p)5{q -a,p- b)dqdp = F{a, b). (3.13) 

We now give the p-mechanical equivalent of pure classical states. 

Definition 3.4. p-Mechanical {q,p) pure states are defined to be the set of func- 
tionals, fc^^ for fixed a,b G R^" which act on observables by 

kio,a,b){B{s,x,y))= [ B{s,x,y)e-'-^'^---+'-yUxdy. (3.14) 



Each {q^p) pure state fc(o,a,6) ^-^ defined entirely by its kernel l{o,a,b) 

l'{o,a,b) = e y ^ n). (3.15) 

By the definition of p-mechanisation (this is the map from classical observables 
to p-mechanical observables which is the inverse Fourier transform followed by the 
tensoring with a dirac delta fmiction in the s variable illt Sect. 3.3]) 

B{s, X, y)e-'^Ma.x+b.y) ^ p(^^^ ^) (3 -^g) 

where F is the classical observable corresponding to i?, hence when we apply state 
fc(o,a,b) to a p-mechanical observable we get the value of its classical counterpart at 
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the point (a, b) of phase space. We introduce the map So which maps classical pure 
state kernels to p-mechanical {q,p) pure state kernels 

'5o(C(g,p)) = i{x,y). 

This equation is almost identical to the relation in equation (|3.4() . The kernels 
l(o,a,b)i are the Fourier transforms of the delta functions 

S{q ~ a,p — b), hence pure (g,p) states are just the image of pure classical states. 

Mixed states, as used in statistical mechanics 0, are linear combinations of pure 
states. In p-mechanics {q,p) mixed states are defined in the same way. 

Definition 3.5. Define Cq, to be the space of all linear combinations of {q,p) pure 
state kernels l[o,a,b)7 that is the set of all kernels corresponding to {q,p) mixed states. 

The map Sq exhibits the same relations on mixed states as pure states due to 
the linearity of the Fourier transform. 

3.2. Time Evolution of States. We now go on to show how p-mechanical states 
evolve with time. We first show how the elements of Cin for all ft. £ R evolve with 
time and that this time evolution agrees with the time evolution of p-observables. In 
doing this we show that for the particular case of Cq the time evolution is the same 
as classical states under the Liouville equation. Then we show how the elements 
of TLh evolve with time and prove that they agree with the Schrodinger picture of 
motion in quantum mechanics. Before we can do any of this we need to give the 
definition of a Hermitian convolution. 

Definition 3.6. We call a p-mechanical observable B Hermitian if it corresponds 
to a Hermitian convolution, that is for any functions Fi , F2 on the Heisenberg group 

[ {B * F^){g)F^dg ^ f F,{g){B * F^^dg. 

If a p-observable B is Hermitian then B{g) = B{g^^), this is the result of a trivial 
calculation. From now on we denote B{g^^) as B* . For our purposes we just need 
to assume that the distribution or function, _B, corresponding to the observable is 
real and B{s, x, y) — B(—s, —x, —y). 

Definition 3.7. If we have a system with energy Bh then an arbitary kernel I G Ch, 
/i e M, evolves under the equation 

f^={[BH,l]^. (3.17) 

We now show the time evolution of these kernels coincides with the time evolution 
of p-mechanical observables. 

Theorem 3.3. If I is a kernel evolving under equation iS-lT)) then for any observ- 
able B 

^ [ Bldg^ [ ^B,Bh]} Idg 
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Proof. This result can be verified by the direct calculation, 

— / B{s,x,y)l{s,x,y)dsdxdy 
at Jh" 

= / B{s, x,y)A{BH * I — I * Bh){s, x,y) ds dx dy 

= — / AB{s,x,y){BH * I — I * BH){s,x,y) ds dx dy (3.18) 

Ai{B * BH){s,x,y)l{s,x,y) 
— {Bh * B){s, X, y)l{s, x, y)) ds dx dy (3.19) 
= / ^B,Bh^ {s,x,y)l{s,x,y)dsdxdy 

At H3.18|l we have used integration by parts while (|3.19|l follows since Bh is Her- 
mitian. □ 

If we take the representation P[q^p) of equation (|3.17|l we get the Liouville equa- 
tion 121 Eq. 5.42] for a kernel Sq^{1) moving in a system with energy p(^qp-^{BH)- 
This only holds for elements in Co and can be verified by a similar calculation to 
[12, Propn. 3.5]. 

Now we show how the vectors in Tih evolve with time. Initially we extend our 
definition of A which was initially introduced in equation l|2.5|l . A can also be 
defined as an operator on each Hh, h &R \ {0}, A : Hh ^-^ Ti-h by 

27r 

Av = —V. 

iri 

The adjoint of A is -A on each Hh, /i G M \ {0}. 

Definition 3.8. // we have a system with energy Bh then an arbitrary vector 
V € TLh evolves under the equation 

dv 

— = ABh *v = Bh*Av (3.20) 

The operation of left convolution preserves each Hh so this time evolution is well 
defined. Equation (|3.2U|) implies that if we have Bh time-independent then for any 
veHh 

v{t;s,x,y) = e^-^^"v{0;s,x,y) 

where e"^^" is the exponential of the operator of applying the left convolution of 
Bh and then applying A. 

Theorem 3.4. // we have a system with energy Bh (assumed to be Hermitian) 
then for any state v £ Hh and any observable B 

^{B * v,v) = {{[B, Bh]} *v,v). 
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Proof. The result follows from the direct calculation: 

j^{B*v{t),v{t)) = {B*j^v,v) + {B*v,j^v) 

— {B * ABh * v,v) + {B * V, ABh * v) 

^ {B * ABh *v,v) - {AB *v,Bh *v) (3.21) 

= {B*ABh*v,v)-{ABh*B*v,v) (3.22) 

= {{[B,Bh]} *v,v). 

Equation H3.21|l follows since A is skew-adjoint in Hh- At H3.22|l we have used the 
fact that Bh is Hermitian. □ 

This Theorem proves that the time evolution of states in Tih coincides with 
the time evolution of observables as described in equation H2.6|l . We now give a 
corollary to show that the time evolution of p- mechanical states in Hh, /i G K \ {0} 
is the same as the time evolution of quantum states. 

Corollary 3.1. // we have a system with energy Bh (assumed to be Hermitian) 
and an arbitrary state v = Shf = e'^'^'^^'^ f{x,y) (assuming h ^ 0) then for any 
observable B{t; s, x, y) 

j^{B * v{t), v{t))n, = ±{p^(B)f{t), f{t))p.(o.y 

Where ^ = jjiPh{BH)f (this is just the usual Schrddinger equation). 
Proof. From Theorem 13 .41 we have 



j^{B*v,v) = {{[B,Bh]} *v,v) 

= {AiB * Bh - Bh * B) *v, v) 
= {{B * Bh - Bh * B) * Av,v) 
27r 

= —{{B* Bh — Bh * B) * v,v) 
in 

= —{{B * Bh * v,v) — {B * V, Bh * v)) 
in 

The last step follows since Bh is Hermitian. Using equation (|3.8|) . the above equa- 
tion becomes, 

J^^B^v^v) = ^{{ph{B)pu{BH)f,f)F^o,)-{Ph{B)f,pu{BH)f)F^io,)) 

= J^{Ph{B)fJ)F^On)^ 

which completes the proof. □ 

Hence the time development in Tih for h ^ Q gives the same time development 
as in F^{Oh). 

If lis,x,y) = (|)"/h„ v{{s' ,x' ,y'))v{{s' ,x' ,y')-'^{s,x,y)) dx' dy' then by Theo- 
rems and |^1 we have that 

J,iB*v,v)^. = ^J^^Bldg. (3.23) 
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3.3. Eigenvalues and Eigenfunctions. In this section we introduce the concept 
of eigenvalues and eigenfunctions for p-observables. 

Theorem 3.5. For a p-observable B e L^{W^) and fi e F'^{Oh), Ph{B)fi = Xfi, 
if and only if for vi[s,x,y) = Shfi = e2'^*'"*/i(x, ?/) G TLh 

{B * Vi,V2) = \{VI,V2) 

holds for all V2 G Ti-h ■ 

Proof. If V2 = e^^^^" hix^y) where /2 is an arbitary element of F'^(Oh)- 
Ph{B)fi = A/i implies that 

{ph{B)fij2) = A(/i,/2> = X{ph{S{s)S{x)S{y))fuf2) (3.24) 

and by (|3.8|l this gives us 

{B * vi,V2) ^ X{Sis)6ix)S{y) * vi,V2) ^ X{vi,V2). (3.25) 

Which proves the argument in one direction. Clearly equations H3.24|l and H3.25|l are 
equivalent so the converse follows since (|3.25|l holding for any V2 G Hh is equivalent 
to holding for any /s S F^{Oh). □ 

3.4. Coherent States. In this section we introduce an overcomplete system of 
vectors in Hh by a representation of H". The states which correspond to these 
vectors are an overcomplete system of coherent states for each h ^ 0. We then 
show that these vectors correspond to a system of kernels in Ch, whose limit is the 
{q,p) pure state kernels. 

Initally we need to introduce a vacuum vector in Hh- For this we take the vector 
in Hh corresponding to the ground state of the Harmonic Oscillator with classical 
Hamiltonian ^{moj^q^ + -^p^) where uj is the constant frequency and m is the 
constant mass. The vector in F'^{Oh) corresponding to the ground state is |12[ Eq 
2.18] 

fo{q,p) = exp ( -^{ujmq'^ + (wm)"V^) ) , h> 0. 



h 

The image of this under is 
Using the basic formula 



[ exp{~ax^ + bx + c)dx ~ ( —\ exp ( — — h c | , where a > (3.26) 
Jr ^aJ \Aa ) 



we get 

Sh{f^) = e2"'-^(/o) = " exp (^-Kihs - (^-^ + 

which is the element of Jih corresponding to the ground state. 
Definition 3.9. Define the vacuum vector in Tih as 



/„ ., tt/i / x^ 



V{h.,Q,o) = 2 j '^^P [^TTihs - — + y ujm 

where lj and m are constants representing frequency and mass respectively. 



12 



ALASTAIR BRODLIE 



Now we calculate the kernel, l(h,o.o), for the ground state by the relationship 
between kernels and vectors. 

'4 



Vih.o,o){{-'S, -X, -y){s', x', y'))vi^h,ofi) («', x', y') dx dy' 

/i"e-2-*''^ [ exp ( 7:ih{x'y - xy') -—( + ^rn(y - y')A 
Jk2„ V 2 \ ujm ) 



^ ^jn{y'f\\ dx'dy' 
\ cum J ) 



■Kh fix') 
"2 



, n / r, ■, nh f X 2 

n exp —2mhs 1- Lomy 

2 V ujni 



I 1 I i^'y ( ■ X \ I 
exp vr/i V \ iy ^ I x 



Lum \ uiraJ 

/\2 



-ujmiy') + {uray — ix)y')) dx' dy' 



= exp -2mhs ( ^ uomy'^) (3.27) 

\ 2 Lom J 

f nh / ( . x \2 1 . x2 

X exp — — Lom I ly H H (ujiny — ix) 

\ A \ \ Loral ujm 

at H3.27|l we have used formula l|3.26|l . By a simple calculation it can be shown that 

iy H J H [yujm — ix)'^ — 

com/ com 

hence 

f ^ , 7rh f x^ 
Hh,o,o) = exp I -27nhs ^ ^ [ — + j j 

From 11 we introduce the observables X and Y , which are convolutions with the 
following distributions 

X^^^S{s)SWix)S{y) and Y ^ ^^S{s)S{x)d(') (y). 

Under left and right convolution X and Y generate left and right invariant vector 
fields respectively. That is, if i? is a function or distribution on H" then 

2-Kt ^ ax 2 as ^ 2m ^ ox 2 os ^ 

Y*B^^(J- + ^^)B B*Y = ^{^-%-^)B 

2-K% ^ ay 2 as ' 2tt% ^ dy 2 as ^ 

Consider the representation of on Tih by 

where is exponential of the operator of convolution by X. The elements (r, 0, 0) 
act trivally in the representation, C, thus the essential part of the operator C(r,a,b) 
is determined by (a, 6). Physically the e"^'^*''* part of the equation will just be a 
phase factor which can be ignored. If we apply this representation with r = to 
Vihfifi) we get a system of vectors V{^h.a.b), 

V(h,a,b)is,X,y) = do.a.b) (^Q) (^27ri/lS^^ + y^WTO^^^ . 
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By ()3.23|1 the vectors V(^h,a.b) are equivalent to the kernels l(h.a.b) 

Since for any function or distribution, B, on H" 

+ oY, B]} = -{ax + by)B 

we have 



Hh a b) — exp —2m[a ■ x + b ■ y) — zmhs h ujmy 

\ 2 \Lum 

Definition 3.10. For h eR \ {0} and {a,b) G M^" define the system of coherent 
states k(^h.a.b) by 

k{h.a.b){B) = {B *V{h,a.b),V(h^a,b)) = / B{g)^h.a.b){g)dg 

It is clear that the limit as of the kernels l(h,a,b) will just be the kernels 
l{o,a,b)- This proves that the system of coherent states we have constructed have 
the {q,p) pure states, fc(o,a,f))j from equation (|3.14|l , as their limit as /i — *■ 0, which 
is the content of the next Theorem. 

Theorem 3.6. // we have any p-observable B which is of the form S(s)F(x, y) 
(that is, B is the p-mechanisation of F as described in fTll Sect. 3.3]) then 

lim k{h, a, b){B) = fc(0, a, b){B) = F{a, b) 
/i— >o 

We have used p-mechanics to rigorously prove, in a simpler way to previous 
attempts the classical limit of coherent states. 

3.5. The Interaction Picture. In the Schrodinger picture, time evolution is gov- 
erned by the states and their equations ^ ~ ABh * ''J ^ = {[^-ff j ^]} ■ the 
Heisenberg picture, time evolution is governed by the observables and the equation 
^ = {[i?, -B//]} . In the interaction picture we divide the time dependence between 
the states and the observables. This is suitable for systems with a Hamiltonian of 
the form B^j = B^^ + B^i where B^o is time independent. The interaction picture 
has many uses in perturbation theory |13) . 

Let a p-mechanical system have the Hamiltonian Bh = Bhq + Bhi where Bhq 
is time independent. We first describe the interaction picture for elements of Tih- 
Define eKp{tAB Ho) Si,s the operator on Tih which is the exponential of the operator 
of convolution by tABuo ■ Now if B is an observable let 

B = ejip{tABH„)B eTip{-tABHo) (3.28) 

If w G Hh, define v = {exp{—tABHo))v, then we get 

±y = j^ieM-tABnM (3.29) 
--ABho * i + exp{-tABH„){A{BHo + Bh,) * v) 

— —ABho * V + ABua * CXp{-tABHa)v + CXp{ — tABHg)ABHiV 

= {exp{-tABH„)ABH, cxp{tABHo)){i') 
Now we describe the interaction picture for a state defined by a kernel I. Define 

f= e{[^"" = cxp{tABHo)lexp{-tABHo) 
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then 

^ = ABho * I + exp{tABH„ ) {[Bho + Bh, , I]} exp{-tABHo ) - ^ * ABho 

= expitABnJ {[Bhi , I]} exp(-t^B/^J 

= exp{tABHo){A{BHi *exp{—tABHo)lexp{tABHo) 

- exp{-tABHo)l exp{tABHo) * Bh,)) exp{-tABHo) 

I exp{tABHo)BHi exp{-tABHo)J | 

This shows us how interaction states evolve with time, while the observables evolve 
by (|3.28l) . Note that if we take Bhq — Bh we have the Heisenberg picture, while 
if we take Bh, = Bh we have the Schrodinger picture. The interaction picture is 
very useful in studying the forced harmonic oscillator as will be shown in subsection 

4. The Forced Harmonic Oscillator 

The classical forced oscillator has been studied in great depth for a long time — 
for a description of this see |7j and 0]. The quantum case has also been heavily 
researched — see for example ^1 Sect 14.6], Of interest in the quantum case 
has been the use of coherent states, this is described in Here we extend these 
approaches to give a unified quantum and classical solution of the problem based 
on the p-mechanical approach. 

4.1. The Unforced Harmonic Oscillator. Initially we give a brief overview of 
the unforced harmonic oscillator; we give a slightly different account to the one 
given in jllj. 

Definition 4.1. We define the p-mechanical creation and annihilation operators 
respectively as convolution by the following distributions 

a+ = —(mLj6(s)5^^^x)S(y)~i5(s)6(x)S^^Uy)), (4.1) 

ZTTi 

a- = —(mijS(s)5'-^hx)S(y)+i5(s)6(x)S'^^^{y)). (4.2) 

ZTTi 

The p-mechanical harmonic oscillator Hamiltonian has the equivalent form 

Bh = -^(a+ *a~ + iujm^d'^^Hs)5(x)S(y)). 
2m 

We denote the p-mechanical normalised eigenfunctions of the harmonic oscillator 
by Vn G Ti-h (note here that W(/i,o,o) — ^o); they have the form 

/ 1 X 1/2 

Vn = (^j (^a+)" *W(?.,0,0) 

It can be shown by a trivial calcuation that these creation and annihilation oper- 
ators raise and lower the eigenfunctions of the harmonic oscillator respectively. It 
is important to note that these states are orthogonal under the Ti.h inner product 
defined in equation H3.2(l . 
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4.2. The p-Mechanical Forced Oscillator: The Solution and Relation to 
Classical Mechanics. The classical Hamiltonian for a Harmonic oscillator of fre- 
quency Lo and mass m being forced by a real function of a real variable z{t) is 

H{t, q,p)^ \ (muj\^ + -pA - z{t)q. 
Then for any observable / G C°°(]R^") the dynamic equation is 

f ^ 

P 2 df df 

= —— ~UJ mq— + z{t) — . (4.3) 
m oq op op 

Through the procedure of p-mechanisation as described in ^2 Sect 3.3] we get the 
p-mechanical forced oscillator Hamiltonian to be 

From equation H2.6|l the dynamic equation for an arbitary observable B is 
dB X dB ^ dB , , ^ 

— = — — - uj'my— - z{t)yB. (4.4) 
at m ay ox 

By substitutiting the following expression into equation l|4.4|l we see that it is a 
solution of the p-dynamic equation 

B{t-s,x,y) (4.5) 

= exp ( 27ri I / z{T)snv{LOT) dTX{t) — I z{t) cos{lot) drY [t] 

xB{0;s,X{t),Y{t)), 

where 

X{t) = X cos{ujt) — mujy sm{ujt) , 

Y(t) = smiujt) + y cos(ujt) . 

muj 

Let F{q,p) — p^q^p){B{s,x,y)) (i.e. F is the classical observable corresponding to 
B under the relationship described in Sect. 3.3]). 

F{t;q,p) 

B{t;s,x,y)e^'''^''''+P-yUsdxdy 



exp ( 27ri ( \ z{T)sm(y)T) drXit) — [ z{t) cos{ujt) dTY{t) 

V V"^^ Jo Jq 
X exp(27ri(g.a; + p.y)) B{0; s, X{t),Y{t)) dsdxdy. 
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Making the change of variable u = X{t) and v — Y{t) the above equation becomes 

/ exp ( 27ri ( / z{t) sui{lut) dru ~ / z(r) cos(cL'r) drw ) ) 

Jr2"+i V \muj Jn Jo J J 

X exp ( 27r« ( q.(u cos( cut) + vmuj smiujt)) + p.{ siniujt) + v cosiujt)) ] ] 

\ \ rriLU J) 

xB{0; s, u, v) ds du dv 

exp ( 2TTiu. ( qcoslujt) — siniujt) -\ / z(t) sinft^r) dr 

n+i \ \ muj muj Jo 

X exp 2TTiv. qmu!sm{u!t) +pcos{Lut) — / z{t) cos{ujt) dr 







X _B(0; s, M, v) ds du dv 



F [0; q cos{u!t) — sm{u!t) H — — [ 

\ muj muj Jq 



z(t) sin(a;T) dr, 



qmuj sm{iL;t) + p cos{ujt) — J z{t) cos{iLJT) dr j . (4-6) 

This flow satisfies the classical dynamic equation H4.3|l for the forced oscillator — 
this is shown in [7|. 

4.3. A Periodic Force and Resonance. In classical mechanics the forced oscil- 
lator is of particular interest if we take the external force to be z{t) ~ Zq cos(51t) 
[2j , that is the oscillator is being driven by a harmonic force of constant frequency 
f2 and constant amplitude Zq. By a simple calculation we have these results for 

ft 

cos{flT) sin(wr) dr 
o 

[ri cos{rtt) cos(wt) + u! sin(rit) sm{ujt) - fl] (4.7) 



(172 „ 

/ cos(r2r) cos(ti;r) dr 
Jo 



= —5 ^ f-fi sin(rit) cos(a;i) + lo cos( fit) sin(wi)] (4.8) 

(il^ — CJ^) 

When these are substituted into H4.5|l we see that in p-mechanics using a periodic 
force the p-mechanical solution is the flow of the unforced oscillator multiplied by 
an exponential term which is also periodic. However this exponential term becomes 
infinitely large as ft comes close to w. If we substitute H4.7() and (|4.8() into H4.6() we 
obtain a classical flow which is periodic but with a singularity as ft tends towards 
Lu. These two effects show a correspondence between classical and p-mechanics. 
The integrals have a different form when ft = lo 



/ cos(ci;T) sin(ti;r) dr = 
Jo 



1 — cos(2cji) 
4w 



(4.9) 



t 1 



cos(wr) cos(wr) dr — — I sm(2ujt) (4.10) 

2 4w 
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Now when these new values are substituted into the p-mechanical solution (|4.5(l the 
exponential term will expand without bound as t becomes large. When ()4.9|l and 
()4.1l)|l are substituted into H4.6|) the classical flow will also expand without bound 
— this is the efi:ect of resonance. 

4.4. The Interaction Picture of the Forced Oscillator. We now use the inter- 
action picture to get a better description of the p-mechanical forced oscillator and 
also to demonstrate some of the quantum effects. The method we use is similar to 
the known method for the quantum system jl5| . The p-mechanical forced oscillator 
Hamiltonian has the equivalent form 

Bh = J- (a+ *a- + iLum^S^^\s)S(x)S(y)) - zitMa' + a+) 
2m \ J 

(a+ and a~ are the distributions defined in equations (|4.1|l and (|4.2|l '). We now 
proceed to solve the Forced Oscillator in p-mechanics using the interaction picture 
with Bu^ = 2^(a+ * a~ + iwrr? 8'^^\s)8{x)i{yy) and B^i — —z{t){a~ -|-a+). From 
()3.29|l the interaction states evolve under the equation 

^ = exp(—A{a+ *a- +iujm^S'-^'>{s)S{x)6{y))) (4.11) 
at \ 2m / 

x{-Az{t){a'' +a+))exp ( --;^A(a+ * + iujm^S^^\s)S(x)S(y))] v, 

\ 2m J 

where v — e^^^°v and the exponentials are exponentials of the operators of convo- 
lution by the appropriate distributions. 

Lemma 4.1. We have the relations 



Proof. Equation (|4.12|) follows from simple properties of commutation for convolu- 
tions of Dirac delta functions. Equations H4.13|) and H4.14|l follow from H4.12|l and 
the fact that {[, ]} are a derivation. □ 

Lemma 4.2. If Bi,B2 are functions or distributions on such that 
{[-61,-62]} = 7-B2 where ^ is a constant then we have 

^A\B^j^Q^^-A\B^ ^ e^l^B2. (4.15) 

Here e-^^^^ is the exponential of the operator of convolution by AXBi . 



Proof. It is clear that 



{[a\a-]} 
{[a'^ , * ]} 
{[a^ , * (I ]} 



= iu!mS{s)6{x)S{y) 
= iujma^ 
= —iujma^. 



(4.12) 
(4.13) 
(4.14) 



[ABi,AB2] = Am,B2]} 
= 7-4^2- 

We have the operator identity T^, Eq 3.59]: if [Ci, C2] = 7C2 then 

e^'^iC2e~-*''^i = e^'^C2. Equation iflTB is this with Ci and C2 the operators ABi 

and AB2 respectively. □ 
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The combination of Lemmas 14. II and 14.21 simohfies equation H4.11II to 

fin 

= -y^z(i)(a-e*'^* + a+e-*'^*)w 

dt 

= -^(/(t)a-+7(I)«+)^ 
where /(t) = z(t)e'"* — z{t) cos(cjt) + iz{t) sin(ijjt). A solution of this is 

t2 



v{t2;s,x,y)^e^p\^A\^J a f (t) + a+ f (t) dr 

+tjm^ z{t)z{t')cos{uj{t ~T')))dTdT'^^ v{ti;s,x,y) (4.16) 



C(i2,ti) — i^m / / z{t)z{t')cos{uj{t — t')) dr dr' 



If we set 



V{t2,ti) = f fir) dr. 
equation H4.16|l becomes 

where r]ii(t2,ti) and 777(^25*1) are respectively the real and imaginary parts of 
ri{t2,ti). Hence if at time ti we start with a coherent state V(^a,b) this will evolve 
(in the interaction picture) to the state 

The e^'^*^'*^^'^ part of formula (|4.17|) is just a phase factor and will be dealt with in 
the next subsection. Observables in the interaction picture will evolve by equation 
()3.28|l which is just the time evolution of observables for the unforced Harmonic 
oscillator. From 12 this is 

B{t2;s,x,y) = B{ti; s,xcos{Lj{t2 - ti)) - mujysin{uj{t2 - ti)), 

X 

sin{uj(t2 - tl)) + ycos{uj{t2 ~ ti)))- 

muj 

Remark: The states remaining coherent means if we let /i — > we can consider 
the classical time evolution by evaluating the observables at different points (that 
is the co-ordinates given by the coherent state). The observables themselves are 
moving, but just as they would under the unforced oscillator. 

4.5. The Quantum Case. We define the time evolution operator (propagator), 
T{t2,ti), of a system as 

v{t2)^T{t2,h)v{h) 

where v G Tih is a state evolving in the system. In the interaction picture of the 
Forced Harmonic Oscillator the time evolution operator is 

T{t2,tl) = (,Mit2.ti)^A(fj{t2,U)a++v{t2,U)a-) _ 
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The S'-matrix (scattering matrix) in the interaction picture is something of par- 
ticular interest . The p-mechanical S'-matrix in the interaction picture is 



S = r(00, -OO) = e^sA^Ai,ua-+r-ua+) 

where — uom z{t)z{t') cos{uj{t — r')) dr dr' and 77^ = /jj z(r)e"^'^ dr. The 
function is well defined since in all cases the force can only act for a finite period 
of time. Since now we are dealing with only the quantum case we can assume that 
/i ^ and hence 

27rga 

The e~ih- is just a phase factor. We now introduce a well known operator identity 
which is a consequence of the Campbell-Baker-Hausdorff formula |15| . 

Lemma 4.3. If Ai and A2 are two operators which commute with their commutator 
[Ai,A2\ then 

^M^A, ^^A^+A, + ^[A^,A^]^ (4.18) 

and 

(4.19) 



^Ai^A2^-^[AuA2] ^ pAi+A2 



For a proof of this Lemma see jTFl. Chap 3] . Using this Lemma we get 



e e 



e 2 



From this we can see if the oscillator begins in the oscillator state Vq the probability 
amplitude of it being in the nth oscillator state w„ is 



K'S'*W(o,o),w«)P = 



E 



"l ^(0.0). (^,^1/2 «(o,o))l 



Using the orthonormality of the eigenstates this becomes 



27r„ \n 



{risf 



(n!)i/2 



This is the same probability as can be found using normal quantum methods (there 
is a difference by h compared to some of the literature but this is due to a different 
definition of z{t) - see ^ Eq. 14.107] ). 
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